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1. Introduction
Geometric properties of interpolation spaces have been intensively studied by many authors. This in particular concerns
properties which can be applied to different ﬁelds of Banach space theory or metric ﬁxed point theory. One of the most
standard of such properties is uniform convexity. For interpolation spaces this property and some of its generalizations
were studied for instance in [1,4,18,16,12]. In this note we consider a property weaker than uniform convexity. It is called
uniform nonsquareness.
The class of uniformly nonsquare Banach spaces was introduced by R.C. James in [9]. He proved that these spaces are
super-reﬂexive, i.e., they admit equivalent uniformly convex norms. In [6], J. Gao and K.S. Lau introduced a coeﬃcient related
to uniform nonsquareness. It is called the James constant or the Gao–Lau coeﬃcient. In this paper we use the former name.
Uniform nonsquareness turned out to be useful in metric ﬁxed point theory. The James constant and its modiﬁca-
tions give suﬃcient conditions for normal structure (see [7,5,10]) and even estimates for the normal structure coeﬃcient
(see [15]). In [8], it was proved that all uniformly nonsquare Banach spaces have the ﬁxed point property for nonexpansive
mappings on bounded closed convex sets.
Uniform nonsquareness for spaces obtained by complex interpolation methods was studied in [3]. In particular, it was
proved that if at least one of the spaces A0, A1 is uniformly nonsquare, then the Calderón interpolation space [A0, A1]θ has
the same property. This result was generalized in [14], where an estimate for the James constant of the interpolation space
was given. In this note we consider a real interpolation method for a ﬁnite family of spaces developed in [19] and [17].
It is a generalization of the well-known Lions–Peetre interpolation method for couples of spaces. We give estimates for the
James constant for interpolation spaces endowed with various norms. As a corollary we observe that if at least one of spaces
is uniformly nonsquare, then so is the interpolation space.
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Throughout the paper by BX and S X we denote the closed unit ball and the unit sphere of a normed space X , respec-
tively. The James constant of X is deﬁned as
J (X) = sup{min{‖x+ y‖,‖x− y‖}: x, y ∈ S X}.
In this deﬁnition S X can be replaced by the ball BX . In [7], J. Gao and K.S. Lau proved that, in general,
√
2  J (X)  2.
A space X is uniformly nonsquare if and only if J (X) < 2. All uniformly convex spaces are uniformly nonsquare (see [9]
or [10]). In particular, Lp spaces are uniformly nonsquare for 1 < p < ∞ and we have
J (lp) = J (Lp) = max
{
2
1
p ,21−
1
p
}
(see [7]).
In [2], a general result on the James constant for product spaces was proved. It shows in particular that
J
(
Lp(X)
)
 2− 1
2
(
2− J (X))(2− J (Lp))
for any Banach space X and 1 < p < ∞. It follows that if X is uniformly nonsquare, then Lp(X) has the same property.
In [11], the following useful reﬁnement of the triangle inequality was obtained. Let X be a normed space. Then
‖x+ y‖ +
(
2−
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)
min
{‖x‖,‖y‖} ‖x‖ + ‖y‖
for any nonzero elements x, y ∈ X . From the above inequality we can easily derive the next one
min
{‖x+ y‖,‖x− y‖}max{‖x‖,‖y‖}+ (1− λ)min{‖x‖,‖y‖} (1)
for all x, y ∈ X , where λ = 2− J (X).
Let X0, . . . , Xn be Banach spaces. We say that X = (X0, . . . , Xn) is an interpolation (n + 1)-tuple if the spaces X0, . . . , Xn
are linearly and continuously embedded in a Hausdorff topological vector space E . In fact we can assume that E is a Banach
space (see [17]).
Let us recall the construction of an interpolation space given by Sparr (see [17, p. 263]). We take vectors t = (t1, . . . , tn) ∈
R
n+ , θ = (θ0, . . . , θn) ∈ Rn+1+ such that
∑n
i=0 θi = 1 and a parameter q ∈ [1,∞). We put |t−θ | = t−θ11 . . . t−θnn . Additionally we
set t0 = 1. For i = 0, . . . ,n by Yi we denote the space of all measurable functions u from Rn+ into Xi for which the following
norm is ﬁnite
‖u‖Yi =
( ∫
R
n+
(∣∣t−θ ∣∣ti∥∥ui(t)∥∥Xi )q dt1t1 · · ·
dtn
tn
) 1
q
.
Clearly, Yi is isometrically isomorphic to a space Lq(Xi).
The interpolation space Xθq;K obtained by the K -method is deﬁned as the space of all elements a ∈ X0 + · · · + Xn which
admit a decomposition of the form
a = u0(t) + · · · + un(t) (2)
for every t ∈Rn+ , where u0 ∈ Y0, . . . ,un ∈ Yn . Given a ∈ Xθq;K , we set
‖a‖p = inf
(
n∑
i=0
‖ui‖pYi
) 1
p
where the inﬁmum is taken over all decompositions of the form (2). This formula gives us a norm and Xθq;K with this norm
is a Banach space.
It is clear that for any r, s ∈ [1,∞) the norms ‖ · ‖r and ‖ · ‖s are equivalent. They are also equivalent to the norm
‖a‖∞ = infmax
{‖ui‖Yi : i = 0, . . . ,n}
where the inﬁmum is taken over all decompositions of the form (2). In the case when n = 1 the space Xθq;K reduces to
the well-known Lions–Peetre interpolation space [X0, X1]θ0,q (see [13]). Given a decomposition of the form (2), we have the
following estimate
‖a‖∞ 
n∏
‖ui‖θiYi . (3)
i=0
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‖a‖p  Cp
n∏
i=0
‖ui‖θiYi (4)
for every p ∈ [1,∞), where Cp = (n + 1)1/p .
Theorem 1. Let X = (X0, . . . , Xn) be an interpolation (n + 1)-tuple and let t, q, θ be as above. Then
J (Z∞)min
{
J (Yk)
θk21−θk : k = 0, . . . ,n}
where Z∞ denotes the space Xθq;K endowed with the norm ‖ · ‖∞ .
Proof. Given  > 0, we choose a1,a2 ∈ Xθq;K such that ‖a1‖∞ = 1, ‖a2‖∞ = 1 and
J (Z∞) −  min
{‖a1 + a2‖∞,‖a1 − a2‖∞}.
Next, we ﬁnd functions u j0 ∈ Y0, . . . ,u jn ∈ Yn , j = 1,2, so that
a j = u j0(t) + · · · + u jn(t)
for every t ∈Rn+ and
max
{∥∥u ji ∥∥Yi : i = 0, . . . ,n} 1+ 
for j = 1,2.
Let us ﬁx k ∈ {0,1, . . . ,n}. From (3) we obtain
J (Z∞) −  min
{‖a1 + a2‖∞,‖a1 − a2‖∞}

(
min
{∥∥u1k + u2k∥∥Yk ,∥∥u1k − u2k∥∥Yk})θk ∏
i =k
(∥∥u1i ∥∥+ ∥∥u2k∥∥Yk)θi
 J (Yk)θk21−θk (1+ )
and passing to the limit with  → 0, we get
J (Z∞) J (Yk)θk21−θk . 
Theorem 2. Let X = (X0, . . . , Xn) be an interpolation (n+ 1)-tuple and let t, q, θ be as above. Given p ∈ [1,∞), by Zp we denote the
space Xθq;K endowed with the norm ‖ · ‖p . Then
J (Zp)min
{
1+ (1− (2− J (Yk))p(n + 1)− 1θk ) 1p : k = 0, . . . ,n}.
Proof. Let us ﬁx  > 0. There exist a1,a2 ∈ Xθq;K such that ‖a1‖p = 1, ‖a2‖p = 1 and
J (Zp) −  min
{‖a1 + a2‖p,‖a1 − a2‖p}.
Next, we ﬁnd functions u j0 ∈ Y0, . . . ,u jn ∈ Yn , j = 1,2, so that
a j = u j0(t) + · · · + u jn(t)
for every t ∈Rn+ and(
n∑
i=0
∥∥u ji ∥∥pYi
) 1
p
 1+ .
Let us ﬁx k ∈ {0,1, . . . ,n}. We can assume that ‖u1k‖Yk  ‖u2k‖Yk . Using estimate (1), we see that
J (Zp) −  min
{‖a1 + a2‖p,‖a1 − a2‖p}
((∥∥u2k∥∥Yk + (1− λ)∥∥u1k∥∥Yk)p +∑
i =k
(∥∥u1i ∥∥Yi + ∥∥u2i ∥∥Yi )p
) 1
p
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J (Zp) −  
(
n∑
i=0
∥∥u2i ∥∥pYi
) 1
p
+
(
(1− λ)p∥∥u1k∥∥pYk +∑
i =k
∥∥u1i ∥∥pYi
) 1
p
 1+  +
(
(1− λ)p∥∥u1k∥∥pYk +∑
i =k
∥∥u1i ∥∥pYi
) 1
p
.
From (4) it follows that
∥∥u1k∥∥θkYk  1Cp(1+ ) .
Applying the inequality (1− λ)p  1− λp and the above estimate, we obtain
(1− λ)p∥∥u1k∥∥pYk +∑
i =k
∥∥u1i ∥∥pYi 
n∑
i=0
∥∥u1i ∥∥pYi − λp∥∥u1k∥∥pYk  (1+ )p − λpC−
p
θk
p (1+ )−
p
θk .
Hence
J (Zp) −   1+  +
(
(1+ )p − λpC−
p
θk
p (1+ )−
p
θk
) 1
p .
Passing to the limit with  → 0, we get
J (Zp) 1+
(
1− λpC−
p
θk
p
) 1
p = 1+ (1− (2− J (Yk))p(n + 1)− 1θk ) 1p . 
Corollary 3. Let X = (X0, . . . , Xn) be an interpolation (n + 1)-tuple and let Z denote either Zp with some p ∈ [1,∞) or Z∞ . If Xk is
uniformly nonsquare for some k, then Z is uniformly nonsquare.
In [17] and [19] another interpolation method is also studied. It is called the J -method and the interpolation space
obtained by this method is denoted by Xθq; J . In this case for a ∈ X0 + · · · + Xn we consider representations of the form
a =
∫
R
n+
u(t)
dt1
t1
· · · dtn
tn
, (5)
where u is a measurable function with values in the intersection
⋂n
i=0 Xi . The space Xθq; J consists of all a ∈ X0 + · · · + Xn
such that the following norm is ﬁnite
‖a‖p = inf
(
n∑
i=0
‖u‖pYi
) 1
p
where the inﬁmum is taken over all functions u satisfying (5). We can also consider the norm
‖a‖∞ = infmax
{‖u‖Yi : i = 0, . . . ,n}
where the inﬁmum is taken over all representations (5) and given such representation, we have the estimate
‖a‖∞ 
n∏
i=0
‖u‖θiYi .
It is therefore easy to see that in our results the space Xθq;K can replaced by Xθq; J .
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